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Abstract
The new particle discovered at the LHC can be interpreted as the lightest CP-even Higgs boson of the Minimal
Supersymmetric Standard Model (MSSM), where Mh denotes its mass. The experimental precision of this mass
has reached the level below ∼ 500 MeV. In the MSSM Mh can directly be predicted from the other parameters of
the model. The accuracy of this prediction should at least match the one of the experimental result. The relatively
high mass value of about 125 GeV has led to many investigations where the scalar top quarks are in the multi-TeV
range. We review the recent improvement in the prediction for Mh in the MSSM that has been reached by combining
the existing ﬁxed-order result, comprising the full one-loop and leading and subleading two-loop corrections, with a
resummation of the leading and subleading logarithmic contributions from the scalar top sector to all orders.
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1. Introduction
After the spectacular discovery of a signal in the
Higgs-boson searches at the LHC by ATLAS and
CMS [1, 2], now the exploration of the properties of
the observed particle is in the main focus. In particular,
the observation in the γγ and the ZZ(∗) → 4 channels
made it possible to determine its mass with already a re-
markable precision. Currently, the combined mass mea-
surement from ATLAS is 125.36±0.37±0.18 GeV [3],
and the one from CMS is 125.03+0.26−0.27
+0.13
−0.15 GeV [4]. This
leads to the naive average of
MLHC,todayH = 125.1 ± 0.2 GeV . (1)
At the (planned) future International e+e− Linear Col-
lider (ILC), using the Z-recoil method a precision of [5]
δMILCH <∼ 50 MeV (2)
is currently anticipated.
The other properties that have been determined so far,
in particular the coupling strength modiﬁers [6, 7], as
well as spin, are compatible with the minimal realisation
of the Higgs sector within the Standard Model (SM) [8].
However, the discovery can also be interpreted as a
Higgs boson in a model beyond the SM, where the Min-
imal Supersymmetric Standard Model (MSSM) [9] is
one of the leading candidates.
In the MSSM the Higgs sector consists of two scalar
doublets accommodating ﬁve physical Higgs bosons.
In lowest order these are the light and heavy CP-
even h and H, the CP-odd A, and the charged Higgs
bosons H±. The parameters characterising the MSSM
Higgs sector at lowest order are the gauge couplings,
the mass of the CP-odd Higgs boson, MA, and tan β ≡
v2/v1, the ratio of the two vacuum expectation values.
Accordingly, all other masses and mixing angles can be
predicted in terms of those parameters, leading to the
famous tree-level upper bound for the mass of the light
CP-even Higgs boson, Mh ≤ MZ , determined by the
mass of the Z boson, MZ . This tree-level upper bound,
which arises from the gauge sector, receives large cor-
rections from the Yukawa sector of the theory, which
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can be of O(50%) (depending on the model parameters)
upon incorporating the full one-loop and the dominant
two-loop contributions [10, 11, 12].
The prediction for the light CP-even Higgs-boson
mass in the MSSM is aﬀected by two kinds of theo-
retical uncertainties. First, the parametric uncertainties
induced by the experimental errors of the input param-
eters. Here the dominant source of parametric uncer-
tainty is the experimental error on the top-quark mass,
mt. Very roughly, the impact of the experimental error
on mt on the prediction for Mh scales like [13]
δMpara,mth /δm
exp
t ∼ 1 . (3)
As a consequence, high-precision top-physics providing
an accuracy on mt much below the GeV-level is a crucial
ingredient for precision physics in the Higgs sector [13].
The second type of uncertainties are the intrinsic the-
oretical uncertainties that are due to unknown higher-
order corrections. An overall estimate for the light-
est CP-even Higgs mass of δMintrh ∼ 3 GeV had been
given in Refs. [10, 12] (the more recent inclusion of the
leading O(αtα2s) 3-loop corrections [14], see below, has
slightly reduced this estimated uncertainty by few times
O(100 MeV)). It was pointed out that a more detailed
estimate needs to take into account the dependence on
the considered parameter region of the model. In par-
ticular, the uncertainty of this ﬁxed-order prediction is
somewhat larger for scalar top masses in the multi-TeV
range.
The MSSM parameter space with scalar top masses
in the multi-TeV range has received considerable atten-
tion recently, partly because of the relatively high value
of Mh ≈ 125 GeV, which generically requires either
large stop masses or large mixing in the scalar top sec-
tor, and partly because of the limits from searches for
supersymmetric (SUSY) particles at the LHC. While
within the general MSSM the lighter scalar superpart-
ner of the top quark is allowed to be relatively light
(down to values even as low as mt), both with respect
to the direct searches and with respect to the prediction
for Mh (see e.g. Ref. [15]), the situation is diﬀerent in
more constrained models. For instance, global ﬁts in the
Constrained MSSM (CMSSM) prefer scalar top masses
in the multi-TeV range [16, 17, 18, 19].
Here we review the signiﬁcantly improved predic-
tion for Mh in the MSSM from resumming large log-
arithms with large scalar top masses [20], which has an
important impact on the phenomenology in the region
of heavy squarks and on its confrontation with the ex-
perimental results. We brieﬂy review the relevant sec-
tors and the new, improved prediction for Mh. The nu-
merical analysis focuses on the eﬀects of heavy scalar
top masses in the general MSSM and in the CMSSM.
The feasability of reaching the anticipated ILC preci-
sion will be brieﬂy discussed.
2. The Higgs and scalar top sectors of the MSSM
In the MSSM with real parameters (we restrict to this
case for simplicity; for the treatment of complex pa-
rameters see Refs. [21, 22, 23] and references therein),
using the Feynman diagrammatic (FD) approach, the
higher-order corrected CP-even Higgs-boson masses
are derived by ﬁnding the poles of the (h,H)-propagator
matrix. The inverse of this matrix is given by
−i
(
p2 − m2h,tree + Σˆhh(p2) ΣˆhH(p2)
ΣˆhH(p2) p2 − m2H,tree + ΣˆHH(p2)
)
,
(4)
where mh,H,tree denote the tree-level masses, and
Σˆhh,HH,hH(p2) are the renormalized Higgs boson self-
energies evaluated at the squared external momen-
tum p2. For the computation of the leading contribu-
tions to those self-energies it is convenient to use the
basis of the ﬁelds φ1, φ2, which are related to h, H via
the (tree-level) mixing angle α:(
h
H
)
=
( − sinα cosα
cosα sinα
) (
φ1
φ2
)
. (5)
The new higher-order corrections reviewed here orig-
inate in the top/stop sector of the MSSM. The bilinear
part of the top-squark Lagrangian,
Lt˜,mass = −
(
t˜†L, t˜
†
R
)
Mt˜
(
t˜L
t˜R
)
, (6)
contains the stop mass matrix, Mt˜, given by
Mt˜ =
⎛⎜⎜⎜⎜⎝M
2
t˜L
+ m2t + D1 mtXt
mtXt M2t˜R + m
2
t + D2
⎞⎟⎟⎟⎟⎠ , (7)
with
Xt = At − μ cot β . (8)
D1,2 ∼ M2Z denote numerically small D-terms, At is
the trilinear coupling between the Higgs bosons and the
scalar top quarks, and μ is the Higgs mixing parameter.
The mass matrix can be diagonalized with the help of
a unitary transformation Ut˜, yielding the two stop mass
eigenvalues, mt˜1 and mt˜2 .
For the MSSM with real parameters the status of
higher-order corrections to the masses and mixing an-
gles in the neutral Higgs sector is quite advanced.
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The complete one-loop result within the MSSM is
known [24, 25, 26, 27]. The by far dominant one-loop
contribution is the O(αt) term due to top and stop loops
(αt ≡ h2t /(4π), ht being the top-quark Yukawa cou-
pling). The computation of the two-loop corrections is
already quite advanced and has meanwhile reached a
stage where all the presumably dominant contributions
are available [23, 28, 29, 30, 31, 32, 33, 34, 35, 36,
37, 38, 39, 40, 41, 42, 43]. In particular, the O(αtαs),
O(α2t ) contributions to the self-energies – evaluated in
the Feynman-diagrammatic (FD) and in the eﬀective
potential (EP) method – as well as the O(αbαs), O(αtαb)
and O(α2b) contributions – evaluated in the EP approach
– are known. (For latest corrections to the charged
Higgs boson mass, see Ref. [44].)
The public code FeynHiggs [45, 29, 10, 21, 20] in-
cludes all of the above corrections1, where the on-shell
(OS) scheme for the renormalization of the scalar quark
sector has been used (another public code, based on
the Renormalization Group (RG) improved Eﬀective
Potential, is CPsuperH [47]). A full 2-loop eﬀective
potential calculation (supplemented by the momentum
dependence for the leading pieces and the leading 3-
loop corrections) has been published [48, 49]. How-
ever, no computer code is publicly available (see, how-
ever, Ref. [50]). Most recently another leading 3-loop
calculation at O(αtα2s) became available (based on a
DR or a “hybrid” renormalisation scheme for the scalar
top sector), where the numerical evaluation depends on
the various SUSY mass hierarchies [14], resulting in
the code H3m (which adds the 3-loop corrections to the
FeynHiggs result).
3. Improved calculation of Mh
We review here the improved prediction for Mh where
we combine the ﬁxed-order result obtained in the OS
scheme with an all-order resummation of the leading
and subleading contributions from the scalar top sector.
We have obtained the latter from an analysis of the RG
Equations (RGEs) at the two-loop level [51]. Assuming
a common mass scale MS =
√mt˜1 mt˜2 (MS 	 MZ) for
all relevant SUSY mass parameters, the quartic Higgs
coupling λ can be evolved via SM RGEs from MS to
the scale Q (we choose Q = mt in the following) where
M2h is to be evaluated (see, for instance, Ref. [32] and
references therein),
M2h = 2λ(mt)v
2 . (9)
1More recent reﬁnements in the Mh calculation that have been in-
cluded (or are currently included) into FeynHiggs can be found in
Refs. [43, 23, 46].
Here v ∼ 174 GeV denotes the vacuum expectation
value of the SM. Three coupled RGEs, the ones for
λ, ht, gs (10)
are relevant for this evolution, with the strong coupling
constant given as αs = g2s/(4 π). Since SM RGEs
are used, the relevant parameters are given in the MS
scheme. We incorporate the one-loop threshold correc-
tions to λ(MS ) as given in Ref. [32],
λ(MS ) =
3 h4t (MS )
8 π2
X2t
M2S
⎡⎢⎢⎢⎢⎣1 − 112
X2t
M2S
⎤⎥⎥⎥⎥⎦ , (11)
where as mentioned above Xt is an MS parameter. Fur-
thermore, in Eq. (11) we have set the SM gauge cou-
plings to g = g′ = 0, ensuring that Eq. (9) consists of the
“pure loop correction” and will be denoted (ΔM2h)
RGE
below. Using RGEs at two-loop order [51], including
fermionic contributions from the top sector only, leads
to a prediction for the corrections to M2h including lead-
ing and subleading logarithmic contributions at n-loop
order,
Ln and L(n−1), L ≡ ln
(
MS
mt
)
, (12)
originating from the top/stop sector of the MSSM.
We have obtained both analytic solutions of the RGEs
up to the 7-loop level as well as a numerical solution in-
corporating the leading and subleading logarithmic con-
tributions up to all orders. In a similar way in Ref. [49]
the leading logarithms at 3- and 4-loop order have been
evaluated analytically. Most recently a calculation using
3-loop SM RGEs appeared in Ref. [52].
A particular complication arises in the combination
of the higher-order logarithmic contributions obtained
from solving the RGEs with the ﬁxed-order FD result
implemented in FeynHiggs comprising corrections up
to the two-loop level in the OS scheme. We have used
the parametrisation of the FD result in terms of the run-
ning top-quark mass at the scale mt,
mt =
mpolet
1 + 43παs(m
pole
t ) − 12παt(mpolet )
, (13)
where mpolet denotes the top-quark pole mass. Avoiding
double counting of the logarithmic contributions up to
the two-loop level and consistently taking into account
the diﬀerent schemes employed in the FD and the RGE
approach, the correction ΔM2h takes the form
ΔM2h = (ΔM
2
h)
RGE(XMSt ) − (ΔM2h)FD,LL1,LL2(XOSt ) ,
M2h = (M
2
h)
FD + ΔM2h . (14)
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Here (M2h)
FD denotes the ﬁxed-order FD result,
(ΔM2h)
FD,LL1,LL2 are the logarithmic contributions up to
the two-loop level obtained with the FD approach in the
OS scheme, while (ΔM2h)
RGE are the leading and sub-
leading logarithmic contributions (either up to a cer-
tain loop order or summed to all orders) obtained in the
RGE approach, as evaluated via Eq. (9). In all terms of
Eq. (14) the top-quark mass is parametrised in terms of
mt; the relation between XMSt and X
OS
t is given by
XMSt = X
OS
t
[
1 + 2L
(
αs
π
− 3αt
16 π
)]
(15)
up to non-logarithmic terms, and there are no loga-
rithmic contributions in the relation between MMSS and
MOSS .
Since our higher-order contributions beyond 2-loop
have been derived under the assumption MA 	 MZ , to
a good approximation these corrections can be incor-
porated as a shift in the prediction for the φ2φ2 self-
energy (where ΔM2h enters with a coeﬃcient 1/ sin
2β).
In this way the new higher-order contributions enter
not only the prediction for Mh, but also consistently
all other Higgs sector observables that are evaluated in
FeynHiggs, such as the eﬀective mixing angle αeﬀ or
the ﬁnite ﬁeld renormalization constant matrix Zn [21].
The latest version of the code, FeynHiggs 2.10.0,
which is available at feynhiggs.de, contains those
improved predictions as well as a reﬁned estimate of
the theoretical uncertainties from unknown higher-order
corrections. Taking into account the leading and sub-
leading logarithmic contributions in higher orders re-
duces the uncertainty of the remaining unknown higher-
order corrections. Accordingly, the estimate of the un-
certainties arising from corrections beyond two-loop or-
der in the top/stop sector is adjusted such that the im-
pact of replacing the running top-quark mass by the
pole mass (see Ref. [10]) is evaluated only for the non-
logarithmic corrections rather than for the full two-loop
contributions implemented in FeynHiggs. First investi-
gations using this new uncertainty estimate can be found
in Refs. [17, 53].
Further reﬁnements of the RGE resummed result are
possible, in particular
(i) extending the result to the case of a large split-
ting between the left- and right-handed soft SUSY-
breaking terms in the scalar top sector [38],
(ii) extending the result to the case of small MA or μ
(close to MZ),
(iii) including the corresponding contributions from the
(s)bottom sector.
Some details in these directions can be found in
Ref. [52]. We leave those reﬁnements for future work.
4. Numerical analysis
In this section we review the analysis of the phe-
nomenological implications of the improved Mh pre-
diction for large stop mass scales, as evaluated with
FeynHiggs 2.10.0. In Ref. [20] it was shown that
Mh(Xt/MS ) has local maxima for Xt/MS ≈ ±2, where
Xt denotes XOSt (for MS the diﬀerence in the two
schemes is negligible). The Mh values at Xt/MS ≈ +2
are slightly larger than the ones at Xt/MS ≈ −2. Local
minima are reached around Xt/MS ≈ 0.
These ﬁndings motivate the choice of parameters
used in Fig. 1. Here we show Mh as a function of MS
for Xt = 0 and Xt/MS = +2, corresponding to the lo-
cal minimum and the maximum value of Mh as a func-
tion of Xt/MS , respectively. The other parameters are
MA = M2 = μ = 1000 GeV, mg˜ = 1600 GeV (where
M2 is the SU(2) gaugino mass term, μ the Higgsino
mass parameter and mg˜ the gluino mass) and tan β = 10.
The plot shows for the two values of Xt/MS the ﬁxed-
order FD result containing corrections up to the two-
loop level (labelled as “FH295”, which refers to the pre-
vious version of the code FeynHiggs) as well as the lat-
ter result supplemented with the analytic solution of the
RGEs up to the 3-loop, . . . 7-loop level (labelled as “3-
loop” . . . “7-loop”). The curve labelled as “LL+NLL”
represents our full result, where the FD contribution is
supplemented by the leading and next-to-leading loga-
rithms summed to all orders. One can see that the im-
pact of the higher-order logarithmic contributions is rel-
atively small for MS = O(1 TeV), while large diﬀer-
ences between the ﬁxed-order result and the improved
results occur for large values of MS . The 3-loop log-
arithmic contribution is found to have the largest im-
pact in this context, but for MS >∼ 2500(6000) GeV
for Xt/MS = 2(0) also contributions beyond 3-loop are
important. A convergence of the higher-order logarith-
mic contributions towards the full resummed result is
clearly visible. At MS = 20 TeV the diﬀerence between
the 7-loop result and the full resummed result is around
900(200) MeV for Xt/MS = 2(0). The corresponding
deviations stay below 100 MeV for MS <∼ 10 TeV. The
plot furthermore shows that for MS ≈ 7 TeV (and the
value of tan β = 10 chosen here) a predicted value of
Mh of about 125 GeV is obtained even for the case of
vanishing mixing in the scalar top sector (Xt = 0). Since
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the predicted value of Mh grows further with increasing
MS it becomes apparent that the measured mass of the
observed signal, when interpreted as Mh, can be used
(within the current experimental and theoretical uncer-
taintes) to derive an upper bound on the mass scale MS
in the scalar top sector, see also Ref. [54]. However,
more robust statements in this direction will require a
careful analysis of still present intrinsic as well as the
parametric uncertainties.
5000 10000 15000 20000
MS [GeV]
115
120
125
130
135
140
145
150
155
M
h 
[G
eV
]
FH295
3-loop
4-loop
5-loop
6-loop
7-loop
LL+NLL
FeynHiggs 2.10.0
Xt = 0
Xt/MS = 2
Figure 1: Mh as a function of MS for Xt = 0 (solid) and Xt/MS = 2
(dashed). The full result (“LL+NLL”) is compared with results con-
taining the logarithmic contributions up to the 3-loop, . . . 7-loop level
and with the ﬁxed-order FD result (“FH295”).
In Fig. 2 we compare our result with the prediction
obtained from the code H3m [14]. The comparison
was performed in the CMSSM with the parameters set
to m0 = m1/2 = 200 GeV . . . 15000 GeV, A0 = 0,
tan β = 10 and μ > 0. The spectra were generated with
SoftSusy 3.3.10 [55]. The H3m result shown as blue
line, containing the terms in O(αtα2s)×O(L3, L2, L1, L0),
can be compared with the FeynHiggs 3-loop result,
O(L3, L2), but restricted to O(αtα2s) (green dashed). We
ﬁnd that the latter result agrees rather well with H3m,
with maximal deviation ofO(1 GeV) for MS <∼ 10 TeV.
The observed deviations can be attributed to the terms
of O(L1, L0) included in H3m, to the SUSY mass hierar-
chies taken into account in H3m, and to the use of diﬀer-
ent scalar top renormalization schemes employed in the
two codes (where the latter eﬀect is already expected
to be at the GeV-level). Further investigations will be
needed to explore the source of the main diﬀerences.
However, adding also the 3-loop O(α2t αs, α3t )×O(L3, L2)
terms (solid green), as included in the FeynHiggs re-
sult, leads to a strong reduction of Mh by ∼ 5 GeV
for MS = 10 TeV (see also Ref. [49]). Going to the
full resummed FeynHiggs result (red) exhibits a fur-
ther, but smaller reduction of Mh of about 2 GeV for
MS = 10 TeV, even larger changes are found for
MS > 10 TeV. Consequently, 3-loop corrections at
O(α2t αs, α3t ) as well as corrections beyond 3-loop are
clearly important for a precise Mh prediction.
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Figure 2: Mh as a function of MS . Comparison of FeynHiggs (red)
with H3m (blue). In green we show the FeynHiggs 3-loop result at
O(αtα2s ) (O(αtα2s , α2t αs, α3t )) as dashed (solid) line.
Finally, in Fig. 3 we analyze the eﬀects of the new
Mh evaluation in the CMSSM [53]. In the upper (lower)
plot we show the m1/2–m0 plane for tan β = 10(30),
A0 = 2.5m0 and μ > 0. Regions where the lightest
SUSY particle (LSP) is charged are shaded brown, those
where there is no consistent electroweak vacuum are
shaded mauve, regions excluded by BR(b → sγ) mea-
surements at the 2σ level are shaded green, those fa-
vored by the SUSY interpretation of (g− 2)μ are shaded
pink (with lines indicating the 1σ (dashed) and 2σ
ranges (solid)), and strips with an LSP density appropri-
ate to make up all the cold dark matter are shaded dark
blue. The 95% CL limit from the ATLAS MET search
is shown as a continuous purple contour, and the 68 and
95% CL limits from the CMS and LHCb measurements
of BR(Bs → μ+μ−) are shown as continuous green con-
tours, see Ref. [53] for details. Finally, the labelled con-
tinuous black lines are contours of Mh calculated with
FeynHiggs 2.10.0, and the dash-dotted red lines are
contours of Mh calculated with FeynHiggs 2.8.6. It
can be seen that the improved Mh calculation leads to an
upward shift, such that Mh ∼ 125 GeV can be reached
for lower values of m1/2 and m0.
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Figure 3: The m1/2–m0 plane in the CMSSM for tan β = 10(30), A0 =
2.5m0 and μ > 0 in the upper (lower) plot [53]. The black (red) lines
correspond to Mh evaluated with FeynHiggs 2.10.0 (2.8.6). For
the various shadings see text.
In view of the anticipated future accuracy at the ILC,
as given in Eq. (2), the remaining theory uncertainties
in the current status of the Mh evaluations will have to
be re-analyzed carefully. It can be expected, see also
Ref. [53], that for scalar top mass scales below the few-
TeV level the intrinsic uncertainty is now, i.e. includ-
ing the resummed contributions, at or below the level of
∼ 2 GeV. However, still substantial further reﬁnements
will be needed to reach the sub-GeV level. On the other
hand, no investigation of the size of the intrinsic uncer-
tainties has been performed for scalar top masses in the
multi-TeV range, as explored here. Consequently, the
prospects of reaching the sub-GeV level in δMintrh are so
far unclear.
5. Conclusions
We have reviewed the improved prediction for the
light CP-even Higgs-boson mass in the MSSM, ob-
tained by combining the FD result at the one- and
two-loop level with an all-order resummation of the
leading and subleading logarithmic contributions from
the top/stop sector obtained from solving the two-loop
RGEs. Particular care has been taken to consistently
match these two diﬀerent types of corrections. The re-
sult, providing the most precise prediction for Mh in the
presence of large masses of the scalar partners of the
top quark, has been implemented into the public code
FeynHiggs and can be obtained at feynhiggs.de . We
have found a sizable eﬀect of the higher-order logarith-
mic contributions to Mh in the MSSM and in particular
in the CMSSM, where Mh ∼ 125 GeV can be reached
for lower values of m1/2 and m0.
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